Fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\ge 1$$\end{document}$, and for each function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta :\mathbb N^d\rightarrow \mathbb N$$\end{document}$ let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\Theta }:\mathbb Q^d\rightarrow \mathbb N$$\end{document}$ be defined by the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H_{\Theta }\left( \frac{p_1}{q_1},\ldots ,\frac{p_d}{q_d}\right) = \Theta (q_1,\ldots ,q_d). \end{aligned}$$\end{document}$$Here we assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_1/q_1,\ldots ,p_d/q_d\in \mathbb Q$$\end{document}$ are given in reduced form. The function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\Theta }$$\end{document}$ will be called a *height function* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb Q^d$$\end{document}$.
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The aim of this paper is to broaden the viewpoint of simultaneous Diophantine approximation by considering alternative height functions. Specifically, we will consider the height functions $\documentclass[12pt]{minimal}
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**Convention 4.** In this paper "increasing" means "nondecreasing" and "decreasing" means "nonincreasing", unless the word "strictly" is added.
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Main results {#Sec1}
============
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We begin by recalling Dirichlet's theorem:
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Corollary {#FPar2}
---------

(Dirichlet's Corollary) For every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf x\in \mathbb R^d{\setminus }\mathbb Q^d$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \mathbf x- \frac{\mathbf p}{q}\right\| < \frac{1}{q^{1 + 1/d}} \text { for infinitely many } \frac{\mathbf p}{q} \in \mathbb Q^d. \end{aligned}$$\end{document}$$Equivalently[3](#Fn3){ref-type="fn"},$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \mathbf x- \mathbf r_n \Vert < \psi _{1 + 1/d}\circ H_{\mathtt{lcm}}(\mathbf r_n) \text { for some sequence } \mathbb Q^d\ni \mathbf r_n\rightarrow \mathbf x. \end{aligned}$$\end{document}$$

In what follows, we consider analogues of Dirichlet's Corollary when $\documentclass[12pt]{minimal}
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Exponents of irrationality {#Sec2}
--------------------------

Before getting down to the details of our main theorems, we first consider "coarse" analogues of Dirichlet's Corollary. Specifically, we determine what the appropriate analogue of the exponent $\documentclass[12pt]{minimal}
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### Definition {#FPar3}
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We observe that Dirichlet's Corollary implies that $\documentclass[12pt]{minimal}
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We are now ready to state the following theorem regarding exponents of irrationality:

### Theorem 1.1 {#FPar4}
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### Remark {#FPar5}
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More precise results {#Sec3}
--------------------

We now prepare to state our main theorems. These theorems will answer the question of what the appropriate analogue of the function $\documentclass[12pt]{minimal}
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### Definition {#FPar6}
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We observe that Dirichlet's Corollary implies that the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _{1 + 1/d}$$\end{document}$ is uniformly Dirichlet on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb R^d$$\end{document}$ with respect to the height function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\mathtt{lcm}}$$\end{document}$, and in fact that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C_{H_{\mathtt{lcm}},\psi _{1 + 1/d}}(\mathbf x) \le 1 \;\;\forall \mathbf x\in \mathbb R^d{\setminus }\mathbb Q^d. \end{aligned}$$\end{document}$$In fact, the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _{1 + 1/d}$$\end{document}$ is optimally Dirichlet on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb R^d$$\end{document}$ with respect to the height function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\mathtt{lcm}}$$\end{document}$, due to the existence of so-called *badly approximable vectors*, i.e. vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf x\in \mathbb R^d{\setminus }\mathbb Q^d$$\end{document}$ for which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{H_{\mathtt{lcm}},\psi _{1 + 1/d}}(\mathbf x) > 0$$\end{document}$. Roughly, the statement that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _{1 + 1/d}$$\end{document}$ is optimally Dirichlet should be interpreted as meaning that in formula ([1.1](#Equ1){ref-type=""}), the function $\documentclass[12pt]{minimal}
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### Example {#FPar7}
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### Remark {#FPar8}

We will sometimes deal with functions $\documentclass[12pt]{minimal}
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### Theorem 1.2 {#FPar9}
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### Remark {#FPar10}
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### Theorem 1.3 {#FPar11}
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### Remark {#FPar12}

The class of Hardy *L*-functions includes almost all functions that one naturally encounters in dealing with "analysis at infinity", except for those with oscillatory behavior.

This answers question 1 above, so we would like next to answer question 3. Namely, given $\documentclass[12pt]{minimal}
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### Corollary {#FPar13}

(of Theorem [1.4](#FPar14){ref-type="sec"}) Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\ge 3$$\end{document}$. For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C > 0$$\end{document}$ let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \psi (q) = q^{-\omega _d(H_{\mathtt{max}}) + C/\log ^2\log (q)}. \end{aligned}$$\end{document}$$Then $\documentclass[12pt]{minimal}
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This corollary now provides us with motivation to state our final theorem. Let $\documentclass[12pt]{minimal}
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### Theorem 1.4 {#FPar14}
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The earlier corollary is precisely the special case $\documentclass[12pt]{minimal}
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### Remark {#FPar15}

It may not be entirely obvious that Theorem [1.4](#FPar14){ref-type="sec"} is a complete answer to question 3 in the case of Hardy *L*-functions. Nevertheless, it is. Precisely: If $\documentclass[12pt]{minimal}
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For a version of Theorem [1.4](#FPar14){ref-type="sec"} which goes slightly beyond Hardy *L*-functions, allowing $\documentclass[12pt]{minimal}
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Techniques {#Sec4}
----------

The main technique of this paper is to generalize the correspondence between the continued fraction expansion of an irrational number and its Diophantine properties into higher dimensions. This is done by introducing the notion of a *data progression* corresponding to an irrational vector $\documentclass[12pt]{minimal}
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In the case of the height function $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{\mathtt{max}}$$\end{document}$, this correspondence translates the question of which functions are Dirichlet into a question about whether data progressions satisfying certain inequalities exist. We answer this question by converting it into a question about whether certain differential equations have nonnegative solutions, leading to the concept of a *recursively integrable function*. This concept is interesting in its own right and we study it in detail in Sect. [5](#Sec12){ref-type="sec"}. In particular we give a complete characterization of which Hardy *L*-functions are recursively integrable (Proposition [5.7](#FPar54){ref-type="sec"}), which leads to the characterization of which functions are Dirichlet described above in Theorem [1.4](#FPar14){ref-type="sec"}.

Summary of the paper {#Sec5}
--------------------

Section [2](#Sec7){ref-type="sec"} contains preliminary results which are used in the proofs of our main theorems. In Sect. [3](#Sec10){ref-type="sec"} we prove Theorem [1.2](#FPar9){ref-type="sec"}, as well as demonstrating formulas ([1.3](#Equ3){ref-type=""}) and ([1.4](#Equ4){ref-type=""}). Section [4](#Sec11){ref-type="sec"} provides a motivation for the first formula of Theorem [1.1](#FPar4){ref-type="sec"} without giving a rigorous proof. Section [5](#Sec12){ref-type="sec"} is devoted to defining and analyzing the class of recursively integrable functions, a class which is used in the proof of Theorems [1.3](#FPar11){ref-type="sec"} and [1.4](#FPar14){ref-type="sec"}. In Sect. [6](#Sec13){ref-type="sec"} we prove Theorems [1.3](#FPar11){ref-type="sec"} and [1.4](#FPar14){ref-type="sec"}, as well as demonstrating formula ([1.2](#Equ2){ref-type=""}). Finally, a list of open questions is given in Sect. [7](#Sec17){ref-type="sec"}.

Preliminaries {#Sec6}
=============

Lemmas concerning continued fractions {#Sec7}
-------------------------------------

We begin our preliminaries with two lemmas concerning continued fractions. The first states that for $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in \mathbb R$$\end{document}$, the convergents of the continued fraction expansion of *x* provide the best approximations to *x* as long as one is willing to accept a multiplicative error term.[6](#Fn6){ref-type="fn"} Hence the Diophantine properties of *x* essentially depend only on the denominators of these convergents. The second states that given any sequence of numbers increasing fast enough, there is a number *x* such that the denominators of the convergents of the continued fraction expansion of *x* are equal up to an asymptotic to the elements of this sequence. Together, the two lemmas say that from a (sufficiently coarse) Diophantine point of view, the properties of a number can be encoded by an increasing sequence of integers.

### Remark {#FPar16}

This section is mostly interesting if *x* is an irrational number. However, since the implied constants are supposed to be independent of *x*, the results are nontrivial even when *x* is rational.

### Lemma 2.1 {#FPar17}
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### Proof {#FPar20}
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Data progressions {#Sec8}
-----------------
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### Remark {#FPar22}

In the sequel, the notation introduced in this definition will be used without comment.

### Remark {#FPar23}
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### Lemma 2.4 {#FPar24}
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### Remark {#FPar25}
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### Remark 2.5 {#FPar26}
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### Proof of (i) {#FPar27}
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Proof of Theorem [1.2](#FPar9){ref-type="sec"} and formulas ([1.3](#Equ3){ref-type=""}), ([1.4](#Equ4){ref-type=""}) {#Sec9}
====================================================================================================================

We begin by reformulating Theorem [1.2](#FPar9){ref-type="sec"} using Theorem [1.1](#FPar4){ref-type="sec"}:
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---------------
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Remark {#FPar30}
------
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Proof of Uniform Dirichletness {#FPar31}
------------------------------
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Claim 3.2 {#FPar32}
---------
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==============================================================================

Before jumping into the proof of Theorems [1.3](#FPar11){ref-type="sec"} and [1.4](#FPar14){ref-type="sec"}, in this section we try to motivate the formula ([1.2](#Equ2){ref-type=""}). Our approach is as follows: The notion of a "data progression" is very broad, but it is natural to expect that "worst-case-scenario" data progressions will behave somewhat regularly. In fact, we will prove a rigorous version of this assertion in Sect. [6](#Sec13){ref-type="sec"}. But for now, let's just see what happens if we restrict our attention to data progressions which behave regularly.
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Remark {#FPar35}
------
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Remark {#FPar36}
------
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                \begin{document}$$H_{\mathtt{max}}$$\end{document}$, it is sufficient to consider data progressions which are eventually periodic (Claim [6.6](#FPar77){ref-type="sec"}) and asymptotically geometric (Claim [6.5](#FPar75){ref-type="sec"}).

Lemma 4.1 {#FPar37}
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Proof {#FPar38}
-----
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Proposition 4.2 {#FPar39}
---------------
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In light of Lemma [4.1](#FPar37){ref-type="sec"}, it suffices to prove the following:

Lemma 4.3 {#FPar40}
---------
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The proof of this lemma is a calculus exercise which is left to the reader.
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In the sequel, the following corollary will be useful:

Corollary 4.4 {#FPar41}
-------------
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Proof {#FPar42}
-----
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The class of recursively integrable functions {#Sec11}
=============================================

In this section we introduce a class of functions to be used in the proof of Theorem [1.4](#FPar14){ref-type="sec"}, the class of *recursively integrable* functions.

Definition 5.1 {#FPar43}
--------------
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Lemma 5.2 {#FPar44}
---------
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Proof {#FPar45}
-----
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Remark 5.3 {#FPar46}
----------

Equivalently, Lemma [5.2](#FPar44){ref-type="sec"} says that if the differential inequality$$\documentclass[12pt]{minimal}
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However, unlike the class of integrable functions, the class $\documentclass[12pt]{minimal}
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Lemma 5.4 {#FPar47}
---------
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Proof {#FPar48}
-----
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If *f* is a function such that the limit $\documentclass[12pt]{minimal}
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Lemma 5.5 {#FPar49}
---------
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Proof {#FPar50}
-----
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Remark {#FPar51}
------

An alternative proof of Lemma [5.4](#FPar47){ref-type="sec"} may be given by applying Lemma [5.5](#FPar49){ref-type="sec"} to the class of constant functions.

Applying Lemma [5.5](#FPar49){ref-type="sec"} repeatedly to Lemma [5.4](#FPar47){ref-type="sec"} yields the following:

Corollary 5.6 {#FPar52}
-------------
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                \begin{document}$$N = -1$$\end{document}$, then the first summation is equal to 0 by convention.)

Remark {#FPar53}
------

There is a resemblance between Corollary [5.6](#FPar52){ref-type="sec"} and the following well-known theorem: For each $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f(x)&= \left( \prod _{i = 0}^N \frac{1}{\log ^{(i)}(x)}\right) \left( \frac{1}{\log ^{(N + 1)}(x)}\right) ^\alpha \\&= \frac{1}{x\log (x)\cdots \log ^{(N)}(x) \left( \log ^{(N + 1)}(x)\right) ^\alpha } \end{aligned}$$\end{document}$$is integrable on an interval of the form $\documentclass[12pt]{minimal}
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We next show that Corollary [5.6](#FPar52){ref-type="sec"} can be used to determine whether or not $\documentclass[12pt]{minimal}
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                \begin{document}$$f\in \mathcal R$$\end{document}$ whenever *f* is a Hardy *L*-function.

Proposition 5.7 {#FPar54}
---------------

If *f* is a Hardy *L*-function, then there exist $\documentclass[12pt]{minimal}
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                \begin{document}$$C \ge 0$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f(x) \le f_{N,C}(x) \ \mathrm{for \ all}\ x\ \mathrm{sufficiently \ large \ if}\ C\le 1/4 \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$f\notin \mathcal R$$\end{document}$ according to whether the former or the latter holds.

The second assertion is of course a direct consequence of Corollary [5.6](#FPar52){ref-type="sec"} and Lemma [5.2](#FPar44){ref-type="sec"}.

Proof {#FPar55}
-----

Let *N* be the *order* of *f* as defined in \[[@CR3], §4\], and consider the function$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g(x) = \prod _{i = 0}^N\left( \log ^{(i)}(x)\right) ^2 \left[ 4f(x) - \sum _{n = 0}^N \prod _{i = 0}^n \left( \frac{1}{\log ^{(i)}(x)}\right) ^2\right] . \end{aligned}$$\end{document}$$Note that for each $\documentclass[12pt]{minimal}
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                \begin{document}$$\le N$$\end{document}$. So by \[[@CR3], Theorem 3\], there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} g(x) \ge \varepsilon \ \mathrm{for \ all}\ x\ \mathrm{sufficiently \ large}. \end{aligned}$$\end{document}$$In the first case, we have $\documentclass[12pt]{minimal}
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One more fact about transformations preserving recursive integrability will turn out to be useful:

Lemma 5.8 {#FPar56}
---------
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                \begin{document}$$\begin{aligned} f_\lambda (x) = \lambda ^2 f(\lambda x) \end{aligned}$$\end{document}$$is recursively integrable.

Proof {#FPar57}
-----

If *g* is a recursive antiderivative of *f*, then $\documentclass[12pt]{minimal}
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                \begin{document}$$f = (f_\lambda )_{1/\lambda }$$\end{document}$, the backwards direction follows from the forwards direction. $\documentclass[12pt]{minimal}
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We next discuss the robustness of the concept of recursive integrability. As we have seen, it is not preserved under scalar multiplication. In particular, the sum of two recursively integrable functions is not necessarily recursively integrable. However, there are certain functions which can be safely added to a recursively integrable function without affecting its recursive integrability.
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                \begin{document}$$\mathcal H$$\end{document}$ can be (and must contain) the class of Hardy *L*-functions described in the introduction.

Definition 5.9 {#FPar58}
--------------

A nonnegative function $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1 + f_2\in \mathcal R$$\end{document}$.

Note that the sum of any two ignorable functions is ignorable. Moreover, if $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1$$\end{document}$ is ignorable (assuming $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1\in \mathcal H$$\end{document}$). By Archimedes' principle, it follows that the class of ignorable functions is closed under (nonnegative) scalar multiplication.

Lemma 5.10 {#FPar59}
----------
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                \begin{document}$$f_2(x) = 1/x^{2 + \varepsilon }$$\end{document}$ is ignorable.

Proof {#FPar60}
-----
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                \begin{document}$$g_1:[t_1,\infty )\rightarrow {[0,\infty )}$$\end{document}$ be a recursive antiderivative of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1$$\end{document}$. Fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} -g'(x) - g^2(x)&= -\left( g_1'(x) - \frac{C(1 + \varepsilon )}{x^{2 + \varepsilon }}\right) - \left( g_1^2(x) + \frac{2Cg_1(x)}{x^{1 + \varepsilon }} + \frac{C^2}{x^{2 + 2\varepsilon }}\right) \\&= f_1(x) + \frac{C}{x^{2 + \varepsilon }}\left[ 1 + \varepsilon - 2x g_1(x) - \frac{C}{x^\varepsilon }\right] . \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f_1(x) \ge \frac{1}{4x^2} \text { for all sufficiently large} \ x \end{aligned}$$\end{document}$$(Lemma [A.2](#FPar99){ref-type="sec"}). If ([5.6](#Equ29){ref-type=""}) holds, then Lemmas [5.4](#FPar47){ref-type="sec"} and [5.5](#FPar49){ref-type="sec"} automatically show that $\documentclass[12pt]{minimal}
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                \begin{document}$$f_3,g_3$$\end{document}$ be defined by the equations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f_1(x)&= \frac{1}{x^2}\left[ \frac{1}{4} + f_3(\log (x))\right] \\ g_1(x)&= \frac{1}{x}\left[ \frac{1}{2} + g_3(\log (x))\right] . \end{aligned}$$\end{document}$$Then $\documentclass[12pt]{minimal}
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Remark {#FPar61}
------

Applying Lemma [5.5](#FPar49){ref-type="sec"} repeatedly shows that for all $\documentclass[12pt]{minimal}
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We finish this section by providing a number of equivalent conditions to the recursive integrability of a function $\documentclass[12pt]{minimal}
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------

Suppose that *f* satisfies any of the conditions (B1)--(C2). Plugging the formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_k\rightarrow 0$$\end{document}$ into the appropriate Eqs. ([5.8](#Equ31){ref-type=""}) or ([5.10](#Equ33){ref-type=""}) shows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\limsup _{k\rightarrow \infty } f(k) \le 0$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in \mathcal H$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\ge 0$$\end{document}$, it follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)\rightarrow 0$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\rightarrow \infty $$\end{document}$. Again using the facts that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in \mathcal H$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\ge 0$$\end{document}$, we deduce that *f* is decreasing for sufficiently large *x*. Similar reasoning applies if we assume that *f* satisfies (A).

Thus in the proof of Proposition [5.11](#FPar62){ref-type="sec"}, we may assume that *f* is decreasing on its domain of definition.
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Proof of Theorems 1.3 and 1.4 and formula 1.2 assuming Proposition 6.1 {#FPar68}
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### Claim 6.5 {#FPar75}
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### Claim 6.6 {#FPar77}
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### Corollary 6.7 {#FPar79}
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The proof of the two middle inequalities of ([6.14](#Equ51){ref-type=""}) is by strong induction on *k*.

**Base Case:** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k = k_0,\ldots ,k_0 + d - 2$$\end{document}$. For this part of the proof, we'll think of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_1,\delta > 0$$\end{document}$ as being fixed. Define the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(T_j)_{j = 0}^{d - 2}$$\end{document}$ via the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T_{j + 1} = T_j - T_j^2 + C_1 |T_j|^3, \;\; T_0 = \delta . \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta < 1/\max (2,C_1)$$\end{document}$, the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(T_j)_{j = 0}^{d - 2}$$\end{document}$ is strictly decreasing and strictly positive. Note that for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j = 0,\ldots ,d - 2$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S_{k_0 + j}^{(k_0)} \xrightarrow [k_0]{} T_j, \end{aligned}$$\end{document}$$where the superscript of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_0$$\end{document}$ is merely making explicit the fact that the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(S_k)_{k\ge k_0}$$\end{document}$ depends on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_0$$\end{document}$. On the other hand,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} s_{k_0 + j} \xrightarrow [k_0]{} 0 < T_j. \end{aligned}$$\end{document}$$So if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_0$$\end{document}$ is sufficiently large, then ([6.14](#Equ51){ref-type=""}) holds for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k = k_0 + j$$\end{document}$.
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### Subclaim 6.11 {#FPar87}
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### Proof {#FPar88}

By ([6.1](#Equ38){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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### Subclaim 6.12 {#FPar89}
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### Remark {#FPar90}

We emphasize that here and below, the implied constants of asymptotics may not depend on $\documentclass[12pt]{minimal}
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### Proof {#FPar91}
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### Subclaim 6.13 {#FPar92}
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### Proof {#FPar93}
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### Definition 6.14 {#FPar94}

For the purposes of this proof, an expression will be called *negligible* if its absolute value is less than a constant times $\documentclass[12pt]{minimal}
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Note that by Subclaim [6.12](#FPar89){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
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We are now ready to continue our calculation:$$\documentclass[12pt]{minimal}
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Completion of the proof of Proposition [6.1](#FPar67){ref-type="sec"} {#Sec15}
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Open questions {#Sec16}
==============

In this paper, we consider only "everywhere" questions---that is, we are interested in functions $\documentclass[12pt]{minimal}
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Question 7.1 {#FPar95}
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Question 7.2 {#FPar96}
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Question 7.3 {#FPar97}
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Appendix A: Hardy fields {#Sec17}
========================

In this appendix we briefly recall the definition of a Hardy field and its basic properties.
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Definition A.1 {#FPar98}
--------------
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The two primary examples of Hardy fields are the field of rational functions and the field of Hardy *L*-functions, described in the introduction. The fact that the collection of Hardy *L*-functions forms a Hardy field was proven by Hardy \[[@CR3], Theorem 1\].

The most important fact about Hardy fields follows almost directly from the definition:

Lemma A.2 {#FPar99}
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-----
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The following well-known lemma says that in a Hardy field, we can take the derivative of an inequality.

Lemma A.3 {#FPar101}
---------
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-----
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One last lemma which we needed in verifying the hypotheses of Lemma [2.4](#FPar24){ref-type="sec"} (cf. Remark [2.5](#FPar26){ref-type="sec"}):

Lemma A.4 {#FPar103}
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-----
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Although what we call here the "standard height function" is the most commonly considered height function in the field of Diophantine approximation, a slightly different height function is considered to be standard in other areas of number theory. Namely, if a rational $\documentclass[12pt]{minimal}
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Technically, there may be more than one optimally Dirichlet function, as shown in \[[@CR2], Remark 2.11\]. However, in this paper we are really only interested in *Hardy L-functions* (which will be defined shortly), and for these functions, there is up to a multiplicative constant at most one optimally Dirichlet function (again see \[[@CR2], Remark 2.11\]).

Hardy *L*-functions were defined by Hardy and were originally called *logarithmico-exponential functions*; see \[[@CR3], §3\].

Here "best approximations" means "best approximations of the first kind" in the language of \[[@CR4], p. 24\]. Note that if no error term is allowed, then best approximations of the first kind must be *intermediate fractions* (cf. ([2.4](#Equ11){ref-type=""})), but they are not necessarily convergents.

Hardy fields are usually defined as collections of *germs at infinity* rather than as collections of functions, but this distinction makes little difference in practice.
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